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Problem 1

Consider a one-dimensional classical system of N particles of mass m that are interconnected with

springs as shown in Figure 1. We label the particles with n = 1,2,..., N — 1, N. The springs at

the two ends are attached to the immovable walls. All the springs have the same spring constant k

and are initially at their natural length as depicted in Figure 1. We denote by x,(¢) the change in

position of n-th particle at time ¢, as measured from the position in Figure 1. Neglecting friction

with the floor, answer the following questions.
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[1] Let us define x(¢) as an N-dimensional column vector whose n-th component is given by
xn(t).

[1.1]

1.3]

[1.4]

The equation of motion can accordingly be written as
2
m@w(t) = —Kux(t). (1)
Find the N-dimensional square matrix K.

Normalized eigenvectors uy (¢ =1,2,..., N — 1, N) of the matrix K are given by

(U'E)n = NZ Sin(Qﬂn)v (2)

194

N+1
ug (n=1,2,...,N —1,N). Obtain the eigenvalue of K associated with the eigenvector

where ¢y = and (uy)y, is the n-th component of the N-dimensional column vector

uy. Also, find the normalization factor Ny. You may use the formula

N+1
2mln
ZCOS(N+1>:O (3)

n=1

that holds for £=1,2,...,N — 1, N.

N
We expand «(t) in terms of the eigenvectors uy as x(t) = Zag(t)’U,g. Show that the
/=1

equation of motion for x(¢) in Equation (1) leads to the foll(;wing differential equation
for ay(t),

d? 9
@az(t) = —wjay(t). (4)
Given that wy > 0, express the angular frequency wy in terms of k£, m, and ¢.

Draw a graph for the angular frequency wy obtained in Question [1.3] as a function of
qe-



2]

For the setup in Figure 1, an external force is applied to each particle individually. Let f, be
the force acting on the n-th particle and x,, be its corresponding displacement from the initial
equilibrium position to the new one. With these, we construct the N-dimensional vectors f

and x, whose n-th components are f,, and x,, respectively. We then expand these vectors as
N N

T = Z apup and f = Z Beuy with uy defined in Question [1.2].
=1 =1

[2.1] Express the ratio ay/f in terms of m and w, obtained in Question [1.3].

[2.2] Find ¢ that maximizes the ratio ay/8y. How does the maximum value of ay/8y behave
as a function of N when N > 17

As schematically shown in Figure 2, an additional potential %koxn(t)Q is applied to each
particle in the initial setup in Figure 1. Here, kg (> 0) is a constant characterizing the

strength of the potential.

[3.1] How does the matrix K in Equation (1) change in this situation? Explain how this
additional potential affects the eigenvalues and eigenvectors of K.

3.2] Describe the corresponding angular frequency wy in terms of k, kg, m, and ¢y given in

[ D g ang quency , ko, m, and q¢ g
Question [1.2]. Also, find the minimum value of the angular frequencies wy in the limit
N — oo.

[3.3] Draw a graph for the angular frequency w; obtained in Question [3.2] as a function of

qe.
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Problem 2

Consider a plane electromagnetic wave with the angular frequency w and the wave vector k propa-
gating in an optically anisotropic medium. k is a column vector k = (kz, ky, kz)T, where T denotes
transposition. When the electromagnetic wave is not absorbed or scattered in the medium, the
electric field E and the magnetic field H of the plane wave in the medium can be expressed in the
following complex notation,

E(r,t) = Egexp{i(k-r —wt)}, H(r,t) = Hyexp{i(k -r—wt)}. (1)
Here, Ey and Hj are constant complex column vectors independent of position r = (z, y, z)T and
time t. In this medium, Maxwell’s equations
0B oD
VXE=——, VxH=— 2
8 ot . ot @)

are satisfied. Here, B and D are the magnetic flux density and the electric flux density, respectively.
The magnetic permeability of the medium is assumed to be equal to the vacuum permeability uog,
and the relation B = pugH holds in the medium. This medium is a uniaxial crystal whose electric
permittivity in the z direction is different from that in the other directions; D and E satisfy the
relation D = éF with a matrix

€1 0 0
E=10 ¢ 0]. (3)
0 0 €9

Here, permittivities €1 and €5 satisfy €1 > 9 > 0.

[1] Given that the plane wave in Equations (1) satisfies Maxwell’s equations (2), derive the
following relation,
k x (k x Eg) 4+ w?uoéEg = 0. (4)

[2] Equation (4) can be transformed into the form XE; = 0 with a matrix X. Derive an
expression for X. You may use the formula A x (B x C) = (A-C)B — (A - B)C for the
three-dimensional vectors A, B, and C.

[3] Assume that the wave vector of the plane wave is given by k = (0,ksin®, kcosf)? with
0 <6 <7/2and k > 0. Show that Equation (4) has a solution for Ej other than a zero
vector only when k is equal to one of the two values given by

kl = W+/Upt1, (5)
ey = w\/ [L0E1€2 (6)

e1sin? 6 + ey cos?§’

[4] Find solutions for Ej corresponding to k1 and k2 in Question [3]. Here, we set |Ey| = Ep.



Suppose that this uniaxial crystal is cut into a rectangular parallelepiped, as shown in Figure 1.

The z axis of the crystal is inclined at an angle § with respect to the normal direction of the side

surface A of the crystal, and the surface A is perpendicular to the yz plane. Consider the case

where a light beam with the angular frequency w is normally incident on the surface A from the

air. Since the wave vector of the light beam remains normal to the surface A after entering into the

crystal, Figure 1 represents the situation considered in Question [3]. In this case, the light beam

in the crystal is split into two beams propagating in different directions, one beam with only the z

component of the electric field and the other beam with only the y and z components of the electric

field.

[5]

Here, we neglect reflection at the surfaces of the crystal and light dispersion in the crystal.

In Figure 1, consider the light beam with only the x component of the electric field in the
crystal. Which solution in Question [3], k = kj or k = kg, corresponds to this beam? Also,
show that this beam keeps propagating straight without changing the direction after entering
into the crystal. Note that the propagation direction of a light beam is given by the Poynting
vector S = E x H and does not always coincide with the direction of the wave vector.

In Figure 1, consider the light beam with only the y and z components of the electric field in
the crystal. The propagation direction of this beam is tilted at an angle « after entering into
the crystal. Express tan(f + «) in terms of €1, €2, and . Then, express tan «v in terms of e1,
€9, and 6.

Consider a sheet of paper on which a character “Q” is printed as shown in Figure 2. The
crystal in Figure 1 is placed in such a way that its surface A comes into contact with the
surface of the paper. Suppose that we view the character printed on the paper from the
opposite side of the surface A of the crystal. Illustrate what it looks like. Also, explain the
reason using a diagram.
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Problem 3

As a simple model for adsorption of atoms on a solid surface, consider a system where a monatomic

ideal gas is in contact with an adsorbent lattice, consisting of an array of N, adsorption sites (see

Figure 1). The system obeys the Boltzmann statistics. The adsorption sites are independent of

each other, and each adsorption site can take either two states with adsorbed atoms (adatoms):

zero adatom with the energy 0 and one adatom with the energy —e (¢ > 0). The mass of each atom

is denoted by m. Internal degrees of freedom of the atoms are neglected. The entire system is in

a thermal equilibrium state at temperature 7" and chemical potential u. Let kg be the Boltzmann

constant, 5 = 1/(kgT) the inverse temperature, and h the Planck constant divided by 2.

1]

First, consider only the monatomic ideal gas. Show that the partition function of the ideal
gas, consisting of N monatoms in a volume V', is given by

VN m 3N/2
7(8) N)= — —_ 1
V.53 =7 (5725 )
Find the grand partition function Zgg’) (V,B,p) = Z A (V. B, N)ePN by using Equation (1).
N=0

1
Pressure P of the ideal gas is given by Zég) as P(B,u) = 58(?/ log Z((}g)(V, B,u). Find P(B, n)

by applying the result in Question [2] to this relation.

Next, consider the situation where the adsorbent lattice is in contact with this monatomic

ideal gas. Find the grand partition function fg ) for the states at a single adsorption site.

The grand partition function of the entire adsorbent lattice is given by Zéa ) = (58 ))N @. Using
this, find the adatom density n, (the total number of adsorbed atoms divided by N,).

Using the results obtained in Questions [3] and [5], express the adatom density n, as a function
of pressure P and temperature 7.

Plot n, obtained in Question [6] as a function of pressure P at a constant temperature 7.
Also, plot n, as a function of temperature 1" at a constant pressure P.
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Problem 4

Consider a quantum-mechanical particle of mass m moving in two dimensions under the potential
(1/2)mw? (22 + §%). Here, w is a positive constant characterizing the potential strength, and & (¢)
is the position operator along the x (y) axis. First, consider the motion in the x and y directions
separately. Let |n) be the eigenstate of a particle of mass m moving along the x axis under the
potential (1/2)mw?3?, where the integer n (= 0,1,2,...) labels the states in the increasing order
of energy. Let us introduce operators,

af = /M @_LA G = T @_}_LA (1)
\ 2n mat? ) T\ op mawt® )

with p, being the x component of the momentum operator, and & denoting the Planck constant
divided by 27. Accordingly, ah, ., and |n) satisfy the following relations:

g, a)] = dgal — ala, =1, (2)

atlny =vn+1ln+1), agn)=+vnln—1) (n#0), a0)=0. (3)

Similarly, we introduce the operators for motion in the y direction as follows,

~t mw [ . RN . mw [ . 7
W=\ It =y o U ) @)

Ignoring the spin of the particle (except in Question [9]), answer the following questions.

[1] Describe the overall Hamiltonian H of the system using &L, Ay, &L, and a,.

[2] Find the energy eigenvalues of H. Find the degree of degeneracy in the N-th energy level
(N =1,2,3,...) from the lowest one.

[3] Express the z component of the angular momentum l; = TPy — YPy in terms of d:rc, az, d};, and

ay. Also show that the angular momentum [, is conserved.

Next, let us construct simultaneous eigenstates of the Hamiltonian H and the angular momentum
[,. For this purpose, we introduce operators b = C&IE + DdL and b = C*a, + D*a,. Here, C and D
are complex coefficients which satisfy |C]?+|D|? = 1, and C* and D* are their complex conjugates.

[4] Suppose that an operator A and a real number « satisfy
(12, A] = aA. (5)

Let |I.) be an eigenstate of [, with the eigenvalue L,. Show that A|L.) is also an eigenstate of
I, with the eigenvalue I, + o when A|L,) # 0.

[5] Find coefficients C' and D, and the corresponding « so that the operator b satisfies the
condition for A in Equation (5). Choose C' as a non-negative real number. Note that there
exist two choices for b' and b. We denote them by I;J{ and 131, B; and by below.

[6] Calculate the commutation relations [by, IA)I], [bs, IS;], b1, IA)J;], and [by, BJ{]

[7] Express the Hamiltonian H and the angular momentum [, in terms of (A)J{, 151, 3;, and by.



[8] Find all the eigenvalues of [. for the eigenstates belonging to the N-th energy level (N =
1,2,3,...).

[9] Suppose that the particle considered so far is an electron with spin 1/2. Let us introduce the
spin-orbit interaction H, = AZzaz. Here, A is the magnitude of the spin-orbit interaction,
and o, = *1 corresponds to the z component of spin. Find the energy levels of the system
in this case.



