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Problem 1

Answer the following questions regarding the motion of various rigid bodies.

[1] We consider the rigid body shown in Fig. 1(a) (front view) and Fig. 1(b) (side view) with
mass M and uniform mass density. The rigid body consists of three disks which share a
central axis C. The outer two disks have radius r; and thickness d;. The inner disk has
radius ry and we assume that its thickness is negligible. A string, with its upper end fixed, is
wound around the inner disk. The mass and the thickness of the string are negligible. The
rigid body is subject to the gravitational acceleration g and falls vertically downwards while
rotating without slipping relative to the string. We assume that the central axis C keeps its
direction. Answer the following questions.

[1.1] Find the moment of inertia of the rigid body about the central axis C. Also, show the
derivation of this result.

[1.2] Let T' (> 0) be the tension of the string and a be the vertically downward acceleration of
the center of mass of the rigid body. Write the equations of motion for the translational
motion and for the rotation of the rigid body.

[1.3] Express the vertically downward acceleration a of the center of mass of the rigid body
in terms of r1, 9, and g.

(a) (b)

d 4

Figure 1

[2] We consider a spherical shell of radius R and of negligible thickness, as shown in Fig. 2.
The surface mass density p is uniform. This spherical shell is electrically charged with a
uniform surface charge density 0. When the sphere rotates in a uniform magnetic field, it
does precession motion in general.

We neglect the effect of gravity and assume that the center of mass of the spherical shell does
not move. With the center of mass of the spherical shell located at the origin, let the z-axis
be the direction of the magnetic field and let the magnetic flux density of the magnetic field
be B = (0,0, B), where B is a non-zero constant. By assuming the angular velocity vector
of the motion is w = (wg,wy,w.), answer the following questions. Assume that the charge

is fixed to the spherical shell, and that the magnetic field produced by the rotation of the



charge on the spherical shell does not affect the precession. Therefore we neglect any such

magnetic field in the following.

[2.1]

[2.2]

[2.3]

[2.4]

Express the velocity vector v of the spherical shell at position r on the spherical shell,
using r, w and the cross product of vectors (it is not necessary to express the vectors in
terms of their components).

We consider an infinitesimal surface d.S at position r on the surface of the spherical shell.
Express the Lorentz force dF acting on dS using r,w, B, 0,dS and the dot product of
vectors (it is not necessary to express the vectors in terms of their components). Note
that the following formula for arbitrary vectors a, b, and ¢ may be used, (a x b) x ¢ =
(a-¢c)b— (b-c)a.

Let dIN be a torque around the origin acting on the infinitesimal surface d.S at position
7 on the spherical shell. Express dIN in terms of r,w, B, 0,dS as well as the dot product
and the cross product of vectors (it is not necessary to express the vectors in terms of

their components).

Let us calculate the total torque IN around the origin which is exerted on the spherical
shell by the magnetic field. For this, integrate dN from Question [2.3] over the entire
spherical shell. Express each component of IN using the necessary quantities among w,,
wy, Wz, B, 0, and R. The following formulas concerning surface integrals may be used:

/QRdS f(z,y,2) :/QRdS fy,z,x) :/QRdS f(z,2,y) :/ as f(z,y,—2). (1)

Qg

Here Qp is a spherical surface of radius R centered at the origin and f(z,y,z) is an
arbitrary function that is surface integrable on Qp.

Find the moments of inertia of the spherical shell about the x, y and z-axes, respectively.
In the calculation, the formulas given in Question [2.4] may be used.

By solving the equation of motion for the rotational motion of the spherical shell, find
Wz, wy, and w, at time ¢. As an initial condition at time ¢t = 0, we assume that the
magnitude of the angular velocity is wy (> 0), the angle between the rotation axis and the
z-axisis 0 (0 < 0 < 7/2), and w, > 0,w, = 0,w, > 0. Furthermore, in the case of ¢ < 0,
B > 0, answer whether the direction of precession of w is clockwise or counterclockwise
when viewed from the positive side of the z-axis.

Figure 2



Problem 2

We consider one-dimensional motion of a quantum mechanical particle along the z-axis. The
particle is confined in a potential and the Hamiltonian of the system is given by

h2 d2 2
+%x2+% (x <0)

. T 9 2
= 2?1? de; mw? M)
2
—%@4'72 T (Z'ZO)

Here, m is the mass of the particle, w (> 0) is a constant, & is the Planck constant divided by 2,
and Vj is independent of x.

When V = 0, this Hamiltonian corresponds to a harmonic oscillator with angular frequency w,

and the normalized wave functions of the ground state and the first excited state are respectively

o) = (2) e (-5 2)

1 2

@) = (%) Vaa zesp (—‘”) | 3)

T 2

given by

where v (> 0) is a constant. In this case, the n-th (n is a non-negative integer) normalized energy
eigenstate 1, (z) is an even function satisfying v, (0) # 0 for even n and an odd function for odd

1
n. The energy eigenvalue of i, (z) is given by E,, = <n + 2) hw.

Answer the following questions.

[1] First, we consider v(x), which is the ground state at Vp = 0.

[1.1] Express « in terms of m, w, and h.
[1.2] When V} takes a small positive value, find the change in the ground state energy from

the case V) = 0 up to first order in V4.

[2] Next, we consider the limit Vp — oo. In this case, the k-th (k is a non-negative integer)
normalized energy eigenstate ¢ (z) is given by

] 0 (x<0
P(r) = { Npopa(2) (x> 0).

~—

(4)

~—

Here, N (> 0) is a normalization constant.

[2.1] Explain the reason why the eigenstate ¢y (z) is given in the form of Eq. (4).

[2.2] Find the normalization constant N. Also, express the energy eigenvalue & of ¢ (x) in
terms of A and w.

[3] For time ¢ < 0, suppose that V) — oo and the particle is in the ground state ¢o(z) of the
Hamiltonian. Consider the motion of the particle when 1} is suddenly changed to 0 at time
t = 0 and then kept at Vi = 0 thereafter.



The normalized wave function at time ¢ = 0 can be expressed as

Uzt =0) = ejv(x) (5)

7=0
with complex coefficients ¢; (j is a non-negative integer) satisfying ¢y > 0. Find co.

At time ¢t > 0, express the expectation value E(t) of the energy in terms of i and w.

2 2

Express the normalized wave function W <:c, t= 7T> at time t = —~ in terms of a. Also
w w

show the derivation of this result.

s . .
Express the normalized wave function ¥ (:L‘, t= —) at time ¢ = — in terms of a. Also
w w

show the derivation of this result.



Problem 3

We consider a molecular chain consisting of N molecules as a model of rubber elasticity. Each
molecule has the length a. The temperature of the molecular chain is denoted by 7. Answer the
following questions with the Boltzmann constant kg.

[1] First, we consider a one-dimensional molecular chain. The two endpoints of the molecular
chain are fixed and the length between them is given by L. As shown in Fig. 1, we represent
each molecule by an arrow and the microscopic state of the molecular chain by a sequence
of arrows that starts from the left endpoint and ends at the right endpoint. The microscopic
state of the molecular chain is specified by the configuration of the arrows, each pointing
either right or left. The internal energy U of the molecular chain is assumed to be zero. In
the following, we assume N and L/a are even integers.

[1.1] The number of molecules represented by the arrows pointing right is denoted by Ny,
and the number of molecules represented by the arrows pointing left is denoted by N_.
Express Ny and N_ in terms of NV, L, and a.

[1.2] Express the total number W of the microscopic states of the molecular chain in terms
of N, L, and a.

In the following, we consider the thermodynamic limit where N is large while L/(Na) is fixed
and regard L as a state quantity. The entropy of the molecular chain is denoted by S.

[1.3] Obtain the entropy S in terms of N, L,a, and kp. In doing so, use Stirling’s formula
logn! ~nlogn —n (n>1).

[1.4] The tension X of the molecular chain is given by X = (%)T with the free energy

F =U —TS. Obtain the tension X. Also, find an expression for X up to first order in
L, assuming L/(Na) < 1.

[1.5] Draw the schematic of the tension X as a function of L € (0, Na).

Next we consider adiabatic expansion of the rubber. We focus on the rate of temperature
change under the adiabatic expansion, (g%) g In the following, we assume that the molecular
chain has the internal energy U = NrkpT at temperature 7" with a constant r due to the
presence of internal degrees of freedom of each molecule. Suppose that the contributions to
the free energy originating from the internal degrees of freedom of each molecule have no L
dependence. Then, the T and L dependence of the tension X is the same as that obtained
in Question [1.4].

[1.6] The heat capacity of the molecular chain under constant L is given by C,. Express (g—g) S
in terms of T, C'r,, and (g—)T()L. You may use the Maxwell relation (g—g)T =— (g—)T()L.

[1.7] Express (g%)s up to first order in L, assuming L/(Na) < 1.
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Figure 1

[2] Next, we consider a three-dimensional molecular chain as shown in Fig. 2. One endpoint A of
the molecular chain is fixed at the origin while the other endpoint B is subjected to a constant
external force X (> 0), which is along the positive z direction and which is independent of the
position of B. As shown in Fig. 2, we represent each molecule by an arrow and the microscopic
state of the molecular chain by a sequence of arrows that starts from the endpoint A and
ends at the endpoint B. The orientation of the arrow representing the i-th molecule is given
by (0;, ¢;) in the polar coordinate representation, and the z coordinate of the endpoint B is
given by a )", cos ;. We neglect the internal energy and kinetic energy of molecules.

[2.1] Obtain the partition function Z, such that Z — (47)" in the limit of infinite tempera-
ture.

[2.2] We consider the thermodynamic limit where N is large and regard the z coordinate of
the endpoint B as a state quantity, which is denoted by L. We consider the relationship
between X and L at temperature 7. Find an expression for the external force X up to
first order in L, assuming Xa/(kpT) < 1.

— ¢

\ > x

/ Z

L

Figure 2



Problem 4

Consider the birefringence of light with angular frequency w in a crystal with uniaxial anisotropy.

It is assumed that light absorption is negligible, and the crystal and the vacuum share the same

magnetic permeability po. Let ¢ be the imaginary unit, and ¢y be the electric permittivity of the

vacuum. In the following, we use complex representations for the electron displacement, the electric

field, and the magnetic field, where the real parts correspond to the physical quantities. The electric

flux density D in the crystal is described as

D=¢E=| e €y €. |E (1)

by using the electric permittivity tensor € and the electric field FE.

1]

Consider the case where each electron (with mass m and electric charge —e) is bound by a
potential in the crystal. When the displacement of each electron from its equilibrium position
is defined as w = (ug, uy, u.), the potential energy is given by

V(u) = m(wiui + wzuz + w%ug)/Q (2)

with wq(# w) and wg(# w) being positive constants. Here, we apply a spatially uniform
electric field E = Ejexp[—iwt] oscillating in time ¢ with a real, constant vector Ey =
(Eozs Eoy, Eoz).

[1.1] Write down the equation of motion for the displacement u of an electron in the crystal.

[1.2] The electric flux density in the crystal is given by D = ¢oE + P, and the electric
polarization P is given by P = —peu by using the electron density p. Express the
electric permittivity tensor € in terms of €y, m, p, e, w, Wy, and wg.

Consider the case where a plane wave of linearly polarized light is incident from the vacuum
onto a flat boundary of the crystal, causing reflected and transmitted light. We use a Cartesian
coordinate frame xyz as shown in Fig. 1, with its z-axis normal to the boundary plane. In the
following, it is assumed that the electric permittivity tensor € of the crystal has only diagonal
components €;; = €,y = €, and €., = €, (&n > €, > €), with all off-diagonal components
equal to zero. The incident light is characterized by the wave vector ki, which is parallel to
the xz-plane. The angle between the z-axis and k; is defined as ¢;. The electric and magnetic
field components of the incident light at position r = (z,y, z) and time ¢ are described as

Ei(r, t) = Ei,O exp[i(ki T — wt)], (3)
Hi(r, t) = Hi70 exp[i(k:i -r— wt)]. (4)
The reflected light is a plane wave characterized by the wave vector k;,. When the incident
light is S-polarized (i.e., when its electric field has only the y component), the transmitted

light is characterized by the wave vector k1 and its electric and magnetic field components
are described as

Eii(r,t) = Eqgexpli(ky - r — wt)], (5)
Htl(T, t) = Ht]_70 exp[i(kﬂ T — wt)]. (6)



Similarly, when the incident light is P-polarized (i.e., when its electric field has only the x and
z components), the transmitted light is characterized by the wave vector k2 and its electric
and magnetic field components are described as

Ei(r,t) = Epgexpli(ke - 1 — wt)], (7)
His(r,t) = Hiapexpli(kez - 7 — wt)]. (8)

Here, k;, ki1, and ks are parallel to the xz plane (i.e., the plane of incidence), and the angle
between the z-axis and k¢ (Ki2) is defined as ¢y1 (¢r2). Note that E o, Ex10, Et2,0, Hio, Hi10,
and His o are real, constant vectors.

[2.1] Express sin ¢y and sin ¢2 using the necessary quantities among ¢, |kil, |ki1|, and |k2|.
Use the fact that the tangential components of the electric and magnetic fields are
continuous everywhere on the boundary plane (z = 0).

[2.2] Prove that the relation

k 2
p- (- B ©

holds for a plane electromagnetic wave with angular frequency w in the crystal, where

e = k/|k| represents the unit vector along the wave vector k. You may use V x E =
—up(0OH /0t) and V x H = (0D /0t) from Maxwell’s equations, as well as the formula
ax (bxe)=(a-c)b— (a-b)c for arbitrary vectors a, b, and c.

[2.3] Express |k¢i1| in terms of €y, po, and w by solving Eq. (9) for S-polarized light.

[2.4] For S-polarized light, express the angle between the z-axis and Ey; o x Hyi o (a vector

parallel to the ray direction of the transmitted light in the crystal) using the necessary

quantities among €y, €5, and ¢y .
[2.5] Express |ki2| in terms of €y, €,, 10, w, and ¢r2 by solving Eq. (9) for P-polarized light.
[2.6] For P-polarized light, ;2 is defined as the angle between the z-axis and Eip9 x Hiap

(a vector parallel to the ray direction of the transmitted light in the crystal). Express
tan Ao using the necessary quantities among €, €,, and ¢ys.
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